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Motivation
• Need for uncertainty robust motion planner

Image from, A Novel RRT Extend Function for Efficient and Smooth Mobile Robot Motion Planning
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Assumption
• Robot use feedback controller to track a

nominal trajectory.

• System can be well-linearized around given
nominal path.

• Estimate of noise/state is modeled as Gaussian
distribution.

• Obstacles are convex polyhedral.
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Problem Statement
• Stochastic system model

𝒙𝒙𝒕𝒕+𝟏𝟏 = 𝒇𝒇 𝒙𝒙𝒕𝒕,𝒖𝒖𝒕𝒕,𝒎𝒎𝒕𝒕

𝒎𝒎𝒕𝒕~𝑵𝑵 𝟎𝟎,𝑴𝑴𝒕𝒕 ,𝒙𝒙𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊~𝑵𝑵 �𝒙𝒙𝟎𝟎,𝚺𝚺𝒙𝒙𝟎𝟎
• Path

𝝅𝝅 = (𝒙𝒙𝟎𝟎,𝒖𝒖𝟎𝟎, … ,𝒙𝒙𝑻𝑻𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈 ,𝒖𝒖𝑻𝑻𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈)

• Object

min
𝒖𝒖𝒕𝒕

�
𝒕𝒕=𝟎𝟎

𝑻𝑻𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈

𝝓𝝓 �𝒙𝒙𝒕𝒕,𝝌𝝌𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈,𝒖𝒖𝒕𝒕 𝑷𝑷 𝒙𝒙𝒕𝒕 ∈ 𝝌𝝌𝑭𝑭 ≥ 𝜹𝜹, 𝒕𝒕 ∶ 𝟎𝟎,𝑻𝑻𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈
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Tools & Algorithm
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Kalman Filtering
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Kalman filtering - 1
● Linear Quadratic Estimation(LQE)
● Keep estimate as Gaussian distribution

State propagation

From Wikipedia
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Kalman filtering - 2
● given nominal path , 𝒙𝒙𝒕𝒕∗,𝒖𝒖𝒕𝒕∗

● Locally linearize around nominal path

𝒙𝒙𝒕𝒕+𝟏𝟏 = 𝒇𝒇 𝒙𝒙𝒕𝒕,𝒖𝒖𝒕𝒕,𝒎𝒎𝒕𝒕

�𝒙𝒙𝒕𝒕 = 𝑨𝑨𝒕𝒕�𝒙𝒙𝒕𝒕−𝟏𝟏 + 𝑩𝑩𝒕𝒕�𝒖𝒖𝒕𝒕−𝟏𝟏 + 𝑽𝑽𝒕𝒕𝒎𝒎𝒕𝒕

Where,    �𝒙𝒙𝒕𝒕 = 𝐱𝐱𝐭𝐭 − 𝐱𝐱𝐭𝐭∗, �𝒖𝒖𝒕𝒕 = 𝒖𝒖𝒕𝒕 − 𝒖𝒖𝒕𝒕∗

�𝒙𝒙𝒕𝒕~𝑵𝑵( ��𝒙𝒙𝒕𝒕,𝚺𝚺𝒕𝒕 )
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Kalman filtering - 3
● Estimate of �𝒙𝒙𝒕𝒕 from �𝒙𝒙𝒕𝒕−𝟏𝟏

● Estimate of state, �𝒙𝒙𝒕𝒕

��𝒙𝒙𝒕𝒕 = 𝑨𝑨𝒕𝒕��𝒙𝒙𝒕𝒕−𝟏𝟏 + 𝑩𝑩𝒕𝒕�𝒖𝒖𝒕𝒕−𝟏𝟏
= 𝑨𝑨𝒕𝒕 + 𝑩𝑩𝒕𝒕𝑲𝑲𝒕𝒕 ��𝒙𝒙𝒕𝒕−𝟏𝟏

Feedback 
controller

𝚺𝚺𝒕𝒕 = 𝑨𝑨𝒕𝒕𝚺𝚺𝒕𝒕−𝟏𝟏𝑨𝑨𝒕𝒕𝑻𝑻 + 𝑽𝑽𝒕𝒕𝑴𝑴𝒕𝒕𝑽𝑽𝒕𝒕𝑻𝑻
�𝒖𝒖𝒕𝒕 = 𝑲𝑲𝒕𝒕��𝒙𝒙𝒕𝒕

�𝒙𝒙𝒕𝒕~𝑵𝑵( ��𝒙𝒙𝒕𝒕 + 𝒙𝒙𝒕𝒕∗,𝚺𝚺𝒕𝒕 )�𝒙𝒙𝒕𝒕~𝑵𝑵( ��𝒙𝒙𝒕𝒕,𝚺𝚺𝒕𝒕 )
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Kalman filtering - 4
● State propagation 𝒙𝒙𝒊𝒊~𝑵𝑵 �𝒙𝒙𝒊𝒊,𝚺𝚺𝒙𝒙𝒊𝒊

𝒙𝒙𝒏𝒏

𝒙𝒙𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟐𝟐
𝒙𝒙𝒏𝒏+𝟑𝟑
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Collision Probability
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Collision probability
● Convex polyhedral obstacle

�
𝒊𝒊=𝟏𝟏,…,𝑳𝑳

𝒂𝒂𝒊𝒊𝑻𝑻𝒙𝒙𝒕𝒕 ≤ 𝒃𝒃𝒊𝒊
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Collision probability
● True collision probability

𝒙𝒙𝒏𝒏~𝑵𝑵 �𝒙𝒙𝒏𝒏,𝚺𝚺𝒏𝒏
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Collision probability
● Conservative collision probability
𝒙𝒙𝒕𝒕~𝑵𝑵 �𝒙𝒙𝒕𝒕,𝚺𝚺𝒕𝒕

𝝌𝝌𝟎𝟎

𝑷𝑷 𝒙𝒙𝒕𝒕 ∈ 𝝌𝝌𝟎𝟎 ≤ min
𝒊𝒊∈ 𝟏𝟏,…,𝑳𝑳

𝑷𝑷(𝒂𝒂𝒊𝒊𝑻𝑻𝒙𝒙𝒕𝒕 < 𝒃𝒃𝒊𝒊)

𝑷𝑷 𝒂𝒂𝒊𝒊𝑻𝑻𝒙𝒙𝒕𝒕 < 𝒃𝒃𝒊𝒊

= 𝟏𝟏 − 𝒆𝒆𝒆𝒆𝒆𝒆 𝒂𝒂𝒊𝒊𝑻𝑻𝝁𝝁𝒕𝒕 − 𝒃𝒃𝒊𝒊 / 𝟐𝟐𝒂𝒂𝒊𝒊𝑻𝑻𝚺𝚺𝐭𝐭𝐚𝐚𝐢𝐢 /𝟐𝟐
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Conditional State Propagation
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State Propagation - unconditioned

● Propagate states without considering 
obstacles

● It is not reasonable and over conservative.

𝒙𝒙𝒏𝒏

𝒙𝒙𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟐𝟐
𝒙𝒙𝒏𝒏+𝟑𝟑

All prev. states should be free
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Conditional State Propagation - 1
●Only collision free part should propagate to 

next state
● Conditional state propagation

𝑷𝑷 𝒙𝒙𝒕𝒕 ∈ 𝝌𝝌𝑭𝑭| �
𝒊𝒊=𝟎𝟎:𝒕𝒕−𝟏𝟏

𝒙𝒙𝒊𝒊 ∈ 𝝌𝝌𝑭𝑭

propagate
𝒙𝒙𝒕𝒕+𝟏𝟏~𝑵𝑵 �𝒙𝒙𝒕𝒕+𝟏𝟏,𝚺𝚺𝐭𝐭+𝟏𝟏
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Conditional State Propagation - 2
● Truncate using linear constraint

𝒙𝒙𝒕𝒕~𝑵𝑵 �𝒙𝒙𝒕𝒕,𝚺𝚺𝒕𝒕

𝝌𝝌𝟎𝟎
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Conditional State Propagation - 3
●Result in shift of mean and covariance

matrix

𝒙𝒙𝒕𝒕~𝑵𝑵 �𝒙𝒙𝒕𝒕,𝚺𝚺𝒕𝒕

𝝌𝝌𝟎𝟎

𝒙𝒙𝒕𝒕|𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇~𝑵𝑵 �𝒙𝒙𝒕𝒕 − 𝚫𝚫𝐱𝐱𝐭𝐭,𝚺𝚺𝒕𝒕 − 𝚫𝚫𝚺𝚺𝐭𝐭

𝝌𝝌𝟎𝟎

shift
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Conditional State Propagation
● Truncation with linear constraint

𝚫𝚫𝐱𝐱𝐭𝐭 = − 𝝀𝝀
𝒂𝒂𝑻𝑻𝚺𝚺𝐭𝐭𝒂𝒂

𝚺𝚺𝐭𝐭𝐚𝐚

𝚫𝚫𝚺𝚺𝐭𝐭 = −𝝀𝝀𝟐𝟐−𝜷𝜷𝜷𝜷
𝒂𝒂𝑻𝑻𝚺𝚺𝐭𝐭𝒂𝒂

𝚺𝚺𝐭𝐭𝐚𝐚 𝚺𝚺𝐭𝐭𝐚𝐚 𝑻𝑻

Where, 

𝜷𝜷 =
𝒃𝒃 − 𝒂𝒂𝑻𝑻

𝒂𝒂𝑻𝑻𝚺𝚺𝐭𝐭𝐚𝐚
, 𝝀𝝀 =

𝒑𝒑𝒑𝒑𝒑𝒑 𝜷𝜷
𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝜷𝜷

Degree of truncation 
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Conditional State Propagation

𝒙𝒙𝒏𝒏

𝒙𝒙𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟐𝟐
𝒙𝒙𝒏𝒏+𝟑𝟑

𝒙𝒙𝒊𝒊~𝑵𝑵 �𝒙𝒙𝒊𝒊,𝚺𝚺𝐢𝐢
𝒙𝒙𝒊𝒊|𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 ~𝑵𝑵(�𝒙𝒙𝒊𝒊 − 𝚫𝚫𝒙𝒙𝒕𝒕,𝚺𝚺𝐢𝐢 − 𝚫𝚫𝚺𝚺𝐭𝐭)

𝒙𝒙𝒏𝒏|𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇

𝒙𝒙𝒏𝒏+𝟏𝟏|𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇

𝒙𝒙𝒏𝒏+𝟏𝟏|𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇

𝒙𝒙𝒏𝒏+𝟑𝟑|𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇

𝑷𝑷 𝒙𝒙𝒊𝒊 ∈ 𝝌𝝌𝑭𝑭
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Integrate with RRT*
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Integrate in RRT* framework
● Kalman filtering 

: estimate/propagate state

● Approximate collision probability 
: conservatively & easily 

● Conditional state propagation
: state dependency

+ RRT* Framework
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Integrate in RRT* framework
●RRT*

● Refine the connection with re-wiring operation

+

● Evaluate collision probability of each states 

● Only allows nodes that satisfy collision 
constraints
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Integrate in RRT* framework
● Example – Tree Expansion

𝒙𝒙𝒊𝒊~𝑵𝑵(�𝒙𝒙𝒊𝒊,𝚺𝚺𝐢𝐢)

𝒙𝒙𝒋𝒋
𝒙𝒙𝒌𝒌

𝒙𝒙𝒎𝒎

𝒙𝒙𝒏𝒏𝒏𝒏𝒏𝒏

Conditional 
propagation

collision probability

𝒙𝒙𝒏𝒏𝒏𝒏𝒏𝒏

𝒙𝒙𝒎𝒎



28

Simulation



29

Result
●RRT* vs CC-RRT*-D

RRT* CC-RRT*-D
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Summary & Limitation
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Summary
● CC-RRT*-D

A) Conditional state propagation & collision probability

probabilistically feasible path

B) RRT* framework

asymptomatically optimized path
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Summary & Limitation
● Limitation

● Kalman filtering without measurement update

● Only applies to well linearizable system

● Convex polyhedral obstacle 
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Q&A
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